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By analyzing the solution of a p rob lem of coupled dynamic the rmoe la s t i c i t y  with the f in i te  
hea t -p ropaga t ion  ve loc i ty  taken into account,  the poss ibi l i ty  of i ts  expe r imen ta l  d e t e r m i n a -  
tion by using acoust ic  methods  is shown. 

As is known, the acous t ic  c h a r a c t e r i s t i c s  of a substance  are  assoc ia ted  with i ts  phys icochemica l  
p r o p e r t i e s ,  including the t he rmophys i ca l  p r o p e r t i e s .  Hence,  by studying acoust ic  v ibra t ions  originat ing 
in an e las t ic  medium because  of t he rm oe l a s t i c  s t r e s s e s ,  valuable information about the t e m p e r a t u r e  and 
t h e r m o p h y s i c a l  p r o p e r t i e s  of a subs tance ,  and, pa r t i cu la r ly ,  about the t h e r m a l  re laxat ion due to the finite 
value of the hea t -p ropaga t ion  ve loc i ty  [1 ] ,eanbe  obtained during per iodic  heating of the spec imen.  If the 
solution of the heat -conduct ion problem is analyzed for  the case  of per iodic  heating of a surface  with the 
finite hea t -p ropaga t ion  ve loc i ty  taken into account,  then it turns  out that the amplitude,  the attenuation coef-  
f icient ,  and the phase of the t e m p e r a t u r e  waves  depend on the magnitude of the heat  veloci ty,  where this  de-  
pendence becomes  c l e a r e r  with the growth in the f requency of the heating source  [2]. It is natural  to expect 
that  the ampl i tude,  phase ,  and at tenuation coeff icient  of the e las t ic  v ib ra t ions  which hence or iginate  will 
a l so  depend on the veloci ty  of heat  propagat ion.  

To c la r i fy  the nature  of this dependence it is n e c e s s a r y  to solve a coupled the rmoe las t i c i ty  p rob lem 
taking account  of the finite hea t -p ropaga t ion  veloci ty .  Le t  us examine  this p rob lem for  the one-d imens ional  
ca se  of a semiinfini te  space .  In con t ra s t  to a number  of pape r s  in which the pulse effect  on a body is in- 
ves t iga ted ,  he re  we will study the case  of a per iodic ,  h igh-f requency heat  flux, produced by a modulated 
continuous l a s e r  beam.  

The p rob lem is desc r ibed  ma thema t i ca l l y  by a sy s t em of equations [3] consis t ing of the genera l ized  
F o u r i e r  equation, the ene rgy  conserva t ion  equation, the equation of motion in an acoust ic  approximat ion,  
Hooke ' s  law: 
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and the co r respond ing  boundary condit ions.  

Le t  us wri te  the s y s t em  (1) in d imens ion less  form,  as is done in [3] (the d imens ion less  v a r i a b l e s  a re  
denoted by the s ame  le t te rs ) :  

OT 1 Oq + q = _ _ _ ,  
b 2 Ot Ox 
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We solve the problem under the following boundary conditions: 

~. f i T  (0, t) = qo (ca'~p sin tot - -  cos ~t), 
Ox 

(2 )  

u(0, t)=o, (3) 

6=  (v--1)O + ~) v -  b = - -  
1-- ~ c a c \ pc j  r ! 

and c is the velocity of elastic volume wave propagation. 

There are no displacements  in the haK-space  at the initial instant and the tempera ture  is constant;  
for s implici ty,  let us take T(x, 0) = 0. Since there are no internal sources  and the velocity of nit the pe r -  
turbations is finite, all the partial  der ivat ives  with respect  to the time are also zero  everywhere  at the time 
t = 0 .  

Let us apply the Laplace t ransformat ion  to (2). Let us reduce the system which descr ibes  the problem 
to an equation for  one function 13" (the Laplace t r ans fo rm of the displacement).  Let us also write the bound- 
ary  conditions in displacements  by using the equations of the system (2). After  simple manipulations, the 
mathematical  formuIation of the problem for U* is written as 

d4U * I 18 ~. (1 i 6) - - - - + U *  
dx 4 p2 I ', b" P dx ~ ~ -  ~ p = 0, (4) 

U* (O, p) = O, dW* (O, p) _. qo 
dx ~ P~ -i- ~ (Try2 - -  p)'  ( 5 )  

As has been mentioned, the problem is examined in the half-space x > 0; hence the general  solution is 

U* (x, p) = Ca exp (-- klx) -~- C2 exp (-- k2x). (6) 

Here k 1 and k~ are  the ar i thmetical  roots  of the charac te r i s t ic  equation corresponding to the solution which 
attenuates at infinity, 

b 2 + p  1 + ~ +  p +  I~- 1-4-~ +-1+5"-~  4p I/2 . 

Using the boundary conditions (5), the solution for the t rans form is written as 

1 - - - -q"  to ~ (p - -  z r ~ )  (e-~:~ ~ e -~ ,~) .  (7 )  u* (x, p)= k~ + ~ f + 

Here U*(x, p) is an analytic function in the domain Re p > a0; it satisfies all ' the conditions of the in- 
vers ion  theorem and admits of extract ion of a single-valued branch. Applying the inverse Laplace t r ans -  
form,  we obtain 

ao+i~, 

U (x, 0 1 j' - 2 a ~  U* (x~p) exp (pt) dp ,  (8) 

The solution (8) includes both the t ransient  and steady parts  of the process .  

Since the length and t ime scales  in the problem under considerat ion are small ,  it is of pract ical  in- 
te res t  to ext rac t  the steady part  of the solution from (8). The function (7) has four branch points (Pl, Pz, P3, 
P4) and two singular points of the simple pole type (Ps, P6); 

(1+-7--1+ 5 ) ( I  + 6 ) - - 2  •  2 

Pa,2= ( 1 + 6 )  2 2 1 + ~  - - ~ -  ' P3=O' P ' = - - b ~ '  

p~,~ = +_ i~. 
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F ig .  1. Dependence  of  the d i f fe rence  in d i m e n s i o n l e s s  
amp l i t udes  of  acous t i c  v i b r a t i o n s  (a) and addi t ional  
phase  shi f t s  (b) on the f r e q u e n c y  of the heat  flux effect .  

The p r o c e s s  to obtain such a s t eady  solut ion is d e s c r i b e d  in [2], and hence  we do not c o n s i d e r  it f u r -  
t he r  h e r e ,  but wr i t e  at  once the s teady  solut ion fo r  the d i sp l acemen t :  

cos - -  - -  - -  ( - -  x) cos (ot -- z~ x , U(x, l)=Uo[exp(--~- x ) (o~t -z'~-x zo) exp Yl - - - - Z o ) ]  (9) 
2 . 2 -  2 

whe re  

y~ = l / - -  g~ + ~ gf :i- h~ ; ~ :: 1 / a  + ~ g~ + h~ ; 

1 I + m~ + r~ , ~, - V , n ,  + V m~ + ~, ; ~ = V - . ~  ~ 

[( 1+ )2 m~=o,' 1 + - - - ~  - T  

r t = ( o  3 4 - - 2  1+  b ~ ] 

( 1+8 . dl=YS--o ~ 1 + - - 7 - ] ,  f ~ = z 3 + ~ o ( l + 6 ) ;  

gl=ys+to2 1+ b 2 ; h l = - - z s + t o ( l +  6); 

z o = arctg zs--rdoYs . Uo = qo 2 
�9 y ,  + x ~ z s  ' y~ - -  z~ 

The solut ion (9) is two waves  being p ropaga ted  in the one d i r ec t i on  x > 0 at  d i f fe ren t  ve loc i t i e s  and 
d i f f e ren t  a t t e n u a t i o n s .  They  a r e  ca l led  fas t  and s low waves  in the cons ide ra t i on  of coupled t h e r m o e l a s t i c i t y  
p r o b l e m s  in c o n t r a s t  to the sound and hea t  waves  in so lu t ions  of  uncoupled p r o b l e m s .  

The solut ion of an ana logous  p rob lem without  the finite ve loc i ty  of heat  p ropaga t ion  taken into account  
can be obtained f r o m  (9) by pass ing  to the l imi t  as  the propagat ion  ve loc i ty  tends to infinity: 

O(x,i)=~lo[exp('~--x)cos(o)t--.--Z~--x--zo)--exp(----Y2Lx):os(~ (10) 

whe re 

I / -  9 

1 y~ = ~ lfm~ + l/-m~ + r~; 

mz = o a ~co~ (1 +6)~; 

d, = i f , - -o , , ;  f, = ~ , + , ~ ( 1  + 6); 

z o = a r c t g  zz ; 
Y3 

~i= 1/--d2 + Va~ + f~ ; 

; ;~ = 1,/e~ + Vg~ + h ( ;  

z3- -- 1/-21 ] / - - -  m~ -t- V-m~ + r~. ; 

r~ = 2(o 3 I2 - (1 -{- 6)1; 

g~ = tj3- ~- to~; h~ = --  z'3 + ~o(1-}- 6); 

qo 
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Since there is the possibility of heat flux in a broad frequency range acting on a s e m i i n f i n i t e  body, it 
i s  i n t e r e s t i n g  to e x a m i n e  how the a c o u s t i c  wave p a r a m e t e r s  v a r y  as  the f r e q u e n c y  of the hea t  f lux e f fec t  
c h a n g e s .  L e t  us  c o n s i d e r  the  l i m i t  r e l a t i o n s h i p s  when the f r e q u e n c y  co ~ ~o. H o w e v e r ,  it  is  h e r e  n e c e s s a r y  
to s t i p u l a t e  tha t  the  e q u a t i o n s  of a con t inuous  m e d i u m  a r e  va l id  to f r e q u e n c i e s  on the o r d e r  of  105~ Hz 
[4]. Hence ,  the l i m i t  r e l a t i o n s h i p s  can  be c o n s i d e r e d  a s  an index of the d i r e c t i o n  of change  of  the a p p r o -  
p r i a t e  a c o u s t i c  p a r a m e t e r s .  

The a t t enua t i on  coe f f i c i en t  Yl t e n d s  to ~ with the i n c r e a s e  in f r e q u e n c y ,  whi le  the a t t enua t i on  c o e f f i -  
c i e n t  Y2 t e n d s  to a f in i te  va lue  as  co ~ :o: 

1 + 5 - -  V 2-- 1+ - - - ~  ) (14-  6) l / 2  1 + ~ ] - - - ~ -  
(11) 

2 1-I- 1 , 6  , 1 + 6  2 4 
b V 

C o m p u t a t i o n s  showed tha t  one of the w a v e s ,  n a m e l y ,  the one with the a t t enua t i on  c o e f f i c i e n t  Yl, a t t e n -  
u a t e s  p r a c t i c a l l y  c o m p l e t e l y  f o r  a c a r b o n  s t e e l  s p e c i m e n  on the o r d e r  of 0.1 m m  long unde r  a 10 MHz f r e -  
quency  of the hea t  f lux e f fec t .  

It i s  a l s o  i n t e r e s t i n g  tha t  the p h a s e  v e l o c i t y  v~ g r o w s  with the i n c r e a s e  in f r e q u e n c y ,  in c o n t r a s t  to the  
phase velocity v 2 which tends to the finite value 

2 
u  = :  - - -  

1'. b 2 I 1~ . . . .  - - 7 -  

i . e . ,  t h i s  wave has  no d i s p e r s i o n  at  high f r e q u e n c i e s .  

F o r  the  so lu t ion  without  t ak ing  accoun t  of Tr, the a t t enua t i on  c o e f f i c i e n t s  and the phase  v e l o c i t i e s  v a r y  
in the s a m e  m a n n e r  with the i n c r e a s e  in f r e q u e n c y .  Such a na tu re  of the change  in phase  v e l o c i t i e s  p e r m i t s  
us  c o n d i t i o n a l l y  to d e s i g n a t e  the wave with p h a s e  v e l o c i t y  v~ t h e r m a l ,  and the wave  with p h a s e  v e l o c i t y  v 2 
a c o u s t i c .  

The m a i n  p u r p o s e  of th i s  p a p e r  was  to c l a r i f y  the d i s t i n c t i o n  be tween  the s o l u t i o n s  fo r  the d i s p l a c e -  
m e n t  with and wi thout  the f in i te  v e l o c i t y  of h e a t  p r o p a g a t i o n  taken  into a c c o u n t .  

C o m p a r i n g  the so lu t ions  (9) and (10) showed tha t  the v i b r a t i o n  a m p l i t u d e s  of  the s o l u t i o n s  (9} and (10) 
tend  to z e r o  a s  w ~ ~. The r a t i o  be tween  the v i b r a t i o n  a m p l i t u d e  of the so lu t ion  with the h e a t - p r o p a g a t i o n  
v e l o c i t y  t a k e n  into account  and the v i b r a t i o n  a m p l i t u d e  wi thout  the h e a t - p r o p a g a t i o n  v e l o c i t y  t aken  into 
accoun t  i s  not one .  Th i s  i n d i c a t e s  the  d i s t i n c t  n a t u r e  of the f r e q u e n c y  d e p e n d e n c e  of the  v i b r a t i o n  a m p l i -  
tude .  

The add i t i ona l  phase  shi f t  z 0 of  the  so lu t i on  (9) t e n d s  to (-rr/2) a s  the f r e q u e n c y  i n c r e a s e s ,  whi le  the  
add i t i ona l  p h a s e  sh i f t  ~0 of (10) d i m i n i s h e s  a s  the  f r e q u e n c y  of the t h e r m a l  e f fec t  i n c r e a s e s  and t e n d s  to 
z e r o  in the  l i m i t .  

The d i s t i n c t  n a t u r e  of the a t t e n u a t i o n  should  be noted.  Thus ,  the a t t e n u a t i o n  c o e f f i c i e n t  Yl of the hea t  
wave  (9) t ends  to in f in i ty  a s  w with the  i n c r e a s e  in f r e q u e n c y ,  but the a t t e n u a t i o n  c o e f f i c i e n t  of the  hea t  wave  
(10) t ends  to in f in i ty  a s  4-w with the change  in f r e q u e n c y .  The l i m i t s  of  the  a c o u s t i c  wave a t t e n u a t i o n  c o e f f i -  
c i e n t s  tend to the  f in i te  v a l u e s  Yl (11) and Y'2, w h e r e  

Y2 = ( l / ~  - -  I) + ( I f 2 - { -  1) 6 

T h e r e f o r e ,  the  a c o u s t i c - w a v e  p a r a m e t e r s  ob ta ined  tak ing  account  of the f in i te  hea t  r a t e  d i f f e r ,  f o r  a 
s u f f i c i e n t l y  high f r e q u e n c y  of the t h e r m a l  e f fec t ,  f r o m  the c o r r e s p o n d i n g  p a r a m e t e r s  when the h e a t - p r o p a -  
ga t ion  v e l o c i t y  is  a s s u m e d  inf in i te .  

The s o l u t i o n s  ob t a ined  w e r e  c o m p u t e d  on a " M i n s k - 2 2 "  e l e c t r o n i c  d i g i t a l  c o m p u t e r .  In the  i n v e s t i g a -  
t i ons  we used  c a r b o n  s t e e l  a t  r o o m  t e m p e r a t u r e ,  whose  r e l a x a t i o n  t i m e  was  t a k e n  a s  r r = 10-10sec .  The 
a m p l i t u d e  of the h e a t  f lux was  q0 = 1 W / c m  2. The  r e s u l t s  of the  c o m p u t a t i o n  a r e  p r e s e n t e d  a s  g r a p h s .  

Shown in F i g .  l a  i s  the  d i f f e r e n c e  be tween  the d i m e n s i o n l e s s  v i b r a t i o n  a m p l i t u d e s .  The m a x i m u m  
d i f f e r e n c e  is  a c h i e v e d  a t  wT r = 1 and i s  on the o r d e r  of 10 -5 A. T h e s e  a r e  p r a c t i c a l l y  i n d i s t i n g u i s h a b l e  a m -  
p l i t u d e s .  The v i b r a t i o n  a m p l i t u d e  i t s e l f  is  10 -3 .~ a t  a n f = 1 0  s Hz f r e q u e n c y  of the e f fec t .  
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As is seen f rom Fig.  lb ,  the nature  of the change in the additional phase shif ts  is substant ia l ly  d i s -  
tinct.  This  a f fords  the poss ib i l i ty  of de te rmin ing  the re laxat ion  t ime and the magnitude of the heat  veloci ty ,  
r e spec t ive ly ,  by m e a n s  of expe r imen ta l ly  m e a s u r e d  va lues  of the ampli tude,  the at tenuation coefficient ,  and 
the phase of the periodic component  of the heat flux. 
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N O T A T I O N  

is the t e m p e r a t u r e ;  
is the heat  flux; 
is the d i sp l acemen t  in the x d i rec t ion  perpendicu la r  to the sur face  of the ha l f - space  (x > 0); 
is the normal  s t r e s s  in a plane para l le l  to the surface;  
is the coeff icient  of t he rm a l  conductivity;  
is the densi ty;  
a r e  the specif ic  heats  at constant  p r e s s u r e  and at constant  volume; 
is the coeff ic ient  of t he rm a l  expansion; 
is the P o i s s o n ' s  rat io;  
is the shea r  modulus;  
is the veloci ty  of e las t ic  volume wave propagation;  
a r e  the a r i t hme t i c  roo ts  of the c h a r a c t e r i s t i c  equation cor responding  to the solution attenuating 
at infinity; 
is the cycl ic  v ib ra t ion  frequency;  
is the re laxa t ion  t ime;  
is the phase  shif t  independent of the d is tance ,  
is the coupling p a r a m e t e r ;  
is the v ibra t ion  ampl i tude.  
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